Entanglement enhanced phase sensitive Raman scattering in atomic vapors 
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We theoretically present a new method to enhance Raman scattering by injecting seeded light 
field that is entangled with the initially prepared atomic spin wave. From theoretical analysis and 
numerical calculation, we find that strong Raman scattering can be obtained. Different from other 
enhancement mechanisms, the entanglement enhanced Raman scattering is phase sensitive. Such an 
enhancement method in Raman scattering may have practical applications in quantum information, 
nonlinear optics and optical metrology due to its simplicity. 
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I. INTRODUCTION 

The cooperative spontaneous emission of radiation (su- 
perradiance) from an ensemble was first introduced by 
Dicke in 1954 [l|, where an atomic ensemble exhibited 
enhanced coupling to a single electromagnetic mode. Su- 
perradiance was initially for sample dimensions R much 
smaller than the wavelength A of the resonant transition 
[l|. However, the case in the o ppo site limit R ^> A has 
attracted extensive research |2l-[lQ| because in quantum 
optics the sample is usually large compared to A. So 
in this case, there is no macroscopic dipole moment be- 
cause the dipole-dipole interaction can be neglected and 
the superradiance will not appear according to standard 
argument. To have enhancement in the limit of R ^> A 
the quantum coherence and interference must play a role. 
In this case, the medium has an active role in nonlinear 
optical processes [11], in contrast to the traditional non- 
linear optics where the medium has a rather passive role 
[H. Recently, our group observed an enhanced Raman 
scattering effect by a prebuilt atomic spin wave [H, 
The subsequent theoretical analysis showed that the ini- 
tial atomic spin wave prepared by a spontaneous Raman 
scattering has a spatial distribution which leads to an en- 
hanced scattering of the second Raman write field [13| . 
The flipped atoms act as seeds to the second Raman 
process which amplifies all the way through the atomic 
medium. 

In this paper, based on our previous work 0, [l3j . 
we propose a new enhancement scheme for Raman scat- 
tering, termed entanglement enhanced Raman scattering 
(EERS). In our scheme, the first pump field leads to spon- 
taneous emission of the Stokes field that is subsequently 
used as a seeded signal with the pump field together input 
the atomic ensemble again to generate a second Stokes 
pulse. In the Raman scattering process, the numbers 
of Stokes photons and collective atomic spin excitations 
(also called atomic spin wave) are equal. Therefore, a 
two-mode squeezed state |^) = Y^Lo c n\n) p hoton\n) sp in 
is generated between the Stokes field and the collec- 
tive atomic spin excitation [l4l-[l6j|. The quantum cor- 
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FIG. 1: (Color online) (a) The schematic diagram of three- 
level atoms. Pi, P2'. pump fields; Es 1 , Es 2 '- the generated 
Stokes fields; A: the detuning; S ai ' initial prepared spin 
wave, (b) Experimental schematic. The pump field (de- 
noted by Pi ) leads to spontaneous Raman scattering Es ± and 
flipped atomic spins S a± • After a short delay, the leak write 
field (denoted by P2) with the generated Stokes field Es 1 are 
together input to the atomic medium again. The entangle- 
ment of the light Es 1 and initially prepared spin wave Dai 
will enhanced the intensity of second Raman scattering Es 2 • 
The two circles are delayers. PBS: polarization beam splitter; 
0i, <j)2'- phase shifts, (c) The time sequence for different fields. 



related atom-photon pair very analogous to twin light 
beam generation in a optical parameter process, and it is 
also a EPR-type entanglement state [17H20|. The en- 
tanglement of seeded light and initially prepared spin 
wave (IPSW) leads to generate enhanced Raman scatter- 
ing. Our enhancement mechanism is different from the 
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quantum-entanglement-initiated super Raman scattering 
[lOj, where the entanglement referred to the initial state 
of atomic ensemble. Our enhancement mechanism is a 
combination of two types of enhancement mechanisms- 
seeded light mechanism, spin wave based on mechanism. 
But this combination is a coherent sum, not an inco- 
herent sum. I.e., not sum the intensities from the two 
mechanisms, but a sum of the probability amplitudes 
contributed from the two mechanisms because the seeded 
light and the spin wave are entangled quantum mechan- 
ically. The phase sensitive effect in the new scheme is a 
reflection of the probability amplitude addition. 

Our article is organized as follows. In Sec. HU to de- 
scribe the generation of EERS conveniently, an idealized 
few-mode model with no spatial propagation effects is 
first used. Then a proper model involving spatial prop- 
agation is given. In Sec. IIII( we numerically calculate 
the intensities of the different enhanced mechanism and 
compared them each other, which shows that the inten- 
sity generated by the correlation enhanced mechanism is 
the largest of three cases. Finally, we conclude with a 
summary of our results. 



II. ENHANCED RAMAN SCATTERING 

The energy level diagram and the experimental 
schematic are shown in Fig. [TJa) andQJb), respectively. 
The first pump field leads to spontaneous emission of the 
Stokes field that is subsequently used as a feed signal gen- 
erating a second Stokes impulse. It should be noted that 
under such conditions the feed field and the polarization 
field in the medium are correlated, this correlation leads 
to new effects like enhanced emission. Firstly, to describe 
the physics of this process, a simple mode involving no 
spatial propagation is introduced. 



A. Few-mode model 

Now, we first use a linear amplifier theory to describe 
the process of enhanced Raman scattering. If atomic 
saturation and dephasing as well as spatial effects can be 
ignored, the generated fields by the Raman system are 
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(a) 



A Sl = GxA Sin 



(1) 
(2) 



where As and B a are is a electromagnetic field op- 
erator and a collective atomic field opeator, respec- 
tively. G\ and g\ are gain coefficients with the relation 
I Gi| - M 2 = 1. At t = 0, both fields A Sin and B a%n 
are in their vacuum states: no photons in the Stokes field 
and no atoms in state |2). After the Raman process, the 
output intensity of Stokes field Si is given by 
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FIG. 2: (Color online) (a)-(e) Different Raman scattering 
mechanisms, (c)-(e) The seeded light Si is entangled with 
the IPSW S ai , not entangled with another IPSW S' ai . 



And the Stokes photons and excited-state atoms are 
created in equal numbers (A^Asx) = (B| 1 B ai ) = 
\gi | 2 . For such a two-mode squeezed state — 
Z^^Lo c n\n)photon\n)spin between the Stokes field and the 
collective atomic spin excitation, in the Schrodinger pic- 
ture the entangled state (unnormalized) is [14| 

= e-[ (Gl ^l-^^l )2 + (Gl ^l-^^l )2 ] /2 , (4) 

where A Sl = + ipsJ/y/2, B ai = (q ai +^v)/V% 
and [qj,Pk] — ibjk- This pure state describes strong cor- 
relations both in excitation numbers and in phase. 

After the Stokes field S\ undergoing a (/>-phase shift 
with the leak pump field as the input inject the Raman 
system again, the generated fields are 



A S2 = G 2 A Sl e^ + g 2 Bl, 
Bl = G* 2 Bl+g* 2 A Sl e^, 



(5) 
(6) 



where |G?2| 2 — |#2| 2 = 1- Now, the initial fields As 1 and 
B ai are not in vacuum states, and the output intensity 
of Stokes field £2 is given by 



t — t hiUs 2 C / iff 7 \ 
J-S 2 = ^EERS r VASs^SW 



= I m 



L 

Tm s 



Tm s 



Tm E p R , (7) 
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where 



Tiil 



- t spon 2 — 

Tm seed = 

spin-wave — 

TrriEPR = 



huJ S 2 C I .2 

— Iffl»l , 

f}hJs 2 C 



" g 2 \ 2 {Bl l B ai ) 1 



hUs 2 c i , ,2 

L 



hujs 2 c 



[G 2 gSe i +(B ai As 1 )+ll.c.]. (8) 



The structure of Raman equations (U)-© and ([S])-© 
does not change, but the different initial conditions lead 
to Raman scattering enhancement, which are seen from 
equations (j3]) and (0. The intensity i S pon 2 describes the 
intensity of Stokes field when only the field P 2 drives 
the ensemble and without any other enhancement mech- 
anisms existing. The terms Tm see d, Tm sp i n _ wave , and 
Thiepr appeared from the seed, spinwave, and entan- 
glement enhancement mechanisms, respectively. 

Different Raman scattering cases are summarized in 
Fig. [2j When either seeded light or spin wave enhance- 
ment mechanism does work, the corresponding enhanced 
terms Tm see d or Tm sp i n _ wave will appear. Then the in- 
tensities of the two cases are written as 



'seed 



'URS 



Tm 



seed? 



spin-wave 



Ajrs + Tm spin _ v 



(9) 
(10) 



which are shown in Fig. 2(b) and Fig. 2(c), respectively. 
The spin wave enhancement mechanism has been stud- 
ied by us in theory and on experiment [8, 9, 13], which is 
depend on the spatial distribution of the initial prepared 
spin wave and can not describe only using the simple few- 
mode model. When above two mechanisms have been 
put into effect simultaneously but independently shown 
in Fig. 2(d), the enhanced effects generated by different 
mechanisms are incoherent combining and only the inten- 
sities from two enhancement mechanisms sum. Therefore 
the intensity of this without entanglement case is given 

by 



-^no-entangle Ajrs + Tm seed + Tm, 



spin- wave • 



(ii) 



However, for EERS case shown in Fig. 2(e), it is a co- 
herent summation, i.e., a sum of the probability ampli- 
tudes contributed from the two mechanisms. Therefore 
the intensity of Stokes field Jeers of Eq. ([7]) can be en- 
hanced not only from the addition of the terms of two en- 
hancement mechanisms, but also from the entanglement 
of the injected Stokes field and the IPSW. To compare 
the intensity of these enhanced cases, we firstly consider 
a simple case, let G and g are real and G\ = G 2 = G; 
9i = 92 = 9- Therefore, these intensities are rewritten as 



i spon 2 



Jeers 



hhJs 2 C 

L " 



HW S2 C 2 2 2 

seed — — ^ — [9 + tx g J, 



fjhJs^C 2 2 _ hhJs^C 2 2 
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^S 2 c n2 2/-, . 

I — - — G g (l + cos( 



(12) 



Obviously, the EERS enhanced case is phase sensitive 
and the Stokes intensity is dependent on the relative 
phase of the pump field and seeded light, which had 
not been studied in Raman scattering. For a certain 
</>, such as cj) = or 27r, the intensity of the EERS 
enhanced case is the highest of them. Under this con- 
ditions the intensity relation of them is Ieers = 2 



-^no-< 



no-entangle 



4/ s , 



4/seed > It 



spon 2 • 



B. Involving Spatial Propagation 

In this section, we shall analyze the enhanced Raman 
scattering using a proper model [22| involving the spatial 
propagation. Firstly, optical pumping prepares all atoms 
in their ground hyperfine state |1), then an off-resonant 
pump field Pi is applied to the atomic ensemble, inducing 
spontaneous Raman scattering Ss 1 and flipped atomic 
spins S ai are created. Assume the pump field (fipj cor- 
responding to a focused beam and the Fresnel number 
# = A/Xs 1 L (A cross-sectional area, L cell length) is of 
the order of unity, then only a single transverse spatial 
mode contributes strongly to emission along the direct of 
the pump field (fipj. Therefore the above mode can be 
simplified as a one-dimensional model, the propagating 
quantized Stokes field £s 1 obeys the equation of motion 





(dt + cd z )S Sl (z,i) = ixiSt ± , 

dtSl = -r Sl sl-zxl£s 1 +Fl 



(13) 



where xi(M) = gVNQ Wl (z,t)/A, T Sl = 
75x = 7^0 +7i|^w 1 | 2 /A 2 , S ai = VNa 12 e~ 



= 7Si - if>Li, 

iAkz fa e spin 

wave operator, and Sl 1 = /Ais the AC Stark shift, 

and Ak = kw x — fcsi, 7s the coherence (012) decay rate, 
71 the decay rates of the excited state |3) to states |1) and 
1 2) (assuming 731 = 732 =71). Fg is the Langevin noise 
operator and (F Sl (z,t)F^ {z 1 ',*')) = 2 ls 1 VS(z - z')5(t - 

After the write field left the atomic medium, the leak 
pump field (denoted by P 2: Vtp 2 = rjpflp^ with the gen- 
erated Stokes field rjsSsx (vp and rjs are the coefficients 
due to loss) used as a feed signal are together input to 
the atomic medium again. Before these two fields inject 
the Raman system, they are subject to respective phase 
shifts 0i and (j) 2 and can be written as rjsSsx^ 1 and 
Qp 2 e l( ^ 2 . Once they inject the Raman system, the EERS 
takes place and the propagating quantized Stokes field 
£s 2 obeys the equation of motion [13[ 



(a, 



s 2 



si 



2SI 



cd z )£ S2 (z,t') = lX2^ a2 , 



(14) 



where the subscript 2 of variables £s 2 , X2, Fs 2 occurs due 
to the changes Qw ± —> ^w 2 - W(£') describes the popula- 
tion difference between energy levels |1) and |2) in a short 
coherence time, which is related to the collective atomic 
excitation number and the strength of atomic coherence. 
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FIG. 3: (Color online) The intensities of Stokes field S2 versus 
the dimensionless time t' for URS case (dotted line), seeded 
light enhanced case (dashed line), spin wave enhanced case 
(dot-dashed line), no- entanglement enhanced case (thin solid 
line), and entanglement enhanced case (thick solid line). The 
parameters are as follows: = 0, W(0) = 0.99, r\p — 0.95, 
0.9, A = 1.2 GHz, |ft Pl | = 2.5 x 10 8 Hz, Ng 2 /c = 



1 x 10 12 /(m • s) , 7* = 10 KHz, and 71 = 2tt x 5.746 MHz. 



The form of Eq. ([T3|) is nearly the same as that of 
Eq. ([T4]) except the population difference W(t') appear- 
ance. In addition, the initial conditions which are used 
to calculate the Stokes field intensity are different. Al- 
though the structure of the equations do not change, the 
scattering effects are widely different. In the EERS case, 
different enhanced mechanisms are coherent combining 
|23j, then a strong Raman scattering will be obtained. 
Next, we give the initial conditions of two cases. In the 
case of URS, no initial Stokes field is externally incident 
on the ensemble and no initial spin wave is written into 
the ensemble, so the initial conditions for the field and 
spin wave are 

(4 (0, t')£ Sl (0, t')) = 0, (Si (z', 0)S ai (z', 0)> = 0. 

(15) 

But in the case of the EERS, the generated Stokes field 
8s 1 as a seeded light is injection on the ensemble, so the 
initial condition for the field £s 2 {^^') * s 

i S2 (o,t') = 4„(0, <4 2 (^o)4 2 (^,o)> = 0. (16) 

Here £s in (t') = Vs£s 1 (L^t)e 1 ^ 1 ^ and the atomic ensemble 
contains a spin wave S ai written by the field fip 1? so the 
initial condition for the atomic spin wave Sl 2 (z f ,0) is 



Sl(z',0) = Sl(L-z',T), 



(17) 



where L — z' describes two pump fields propagation of 
opposite direction and r is the pulse duration of the pump 
field. Here we neglect the slow decay of the spin wave in 
the very short delay time. 



Using the solutions of Eq. (fT3|) and Eq. (fT4]h the mean 
intensity of Stokes field at the end of the atomic cell is 
given by 



Jeers (0 



^ { iu L ,t')i S2 (L,t')) 



TM seed + TM sp i 



spon 2 

TMepr, (18) 



where 



TM; 



TM , 

TMi + (TM 2 + c.c.) + TM 3 , 
TM 4 , 

TMepr = (TM 5 + TM 6 )e"'^ 1_lf2 ' + c.c. (19) 



- t spon 2 
TM seed 
spin-wave 



Here the detailed expressions TM^ (i = 0,1,..., 6) are 
showed in Appendix [A] The term TMo describes the in- 
tensity of Stokes field when only the field P2 drives the en- 
semble and no any other enhancement mechanisms exist- 
ing. When W(0) = 1, this term simplified to the intensity 
of URS which had been given by Raymer and Mostowski 
[H. The terms TM seed , TM spin _ wave , and TMepr are 
described as above, i.e., from the seed, spinwave, and en- 
tanglement enhancement mechanisms, respectively. Dif- 
ferent from above, the propagation effects are included. 
Next, we analyze the intensity of EERS, and compared 

it with / seec i, / S pin- wave? and -^no-entangle- 



III. ANALYTICAL AND NUMERICAL 
SOLUTION 



Now, we give a simplified expressions of the intensity 
of Stokes field £s 2 , and numerically calculate the intensi- 
ties of the different enhancement mechanisms and com- 
pare them with each other. For analyzing conveniently, 

we assume the pump fields intensity |-Ep 1;2 | Pi )2 (^) = 
Qp lj2 0{t')] being constant and real and switched on at 
t' = 0. For conveniences, we define the dimensionless 
time I' = t'x\L/c = t 'y^L / '(cr]p) , f = rxfL/c, therefore 
the URS term and the enhanced part TM^ (i = 1, 2, 6) 
under the analytic conditions are rewritten as ATM^ 
(i = 1,2, ...,6) in Appendix iBl According to the differ- 
ent scattering mechanisms shown in Fig. [2j the Stokes 
intensities of different cases can be given as following: 



^spon 2 
-^seed 
-^spin-wave 
-^no-entangle 
^EERS 



ATM , 

ATM + ATMi + 2Re[ATM 2 ] + ATM 3 , 
ATM + ATM 4 , 
7 seed + ATM 4 , 

/no-entangle + 2Re[ATM ent ] COs(A0) 

+2Im[ATM en t]sin(A0)], (20) 



where 

ATM en t ATM 5 + ATM 6 , A</> fa 



(21) 



Here the term ATm ent is generated due to the entangle- 
ment of the injected Stokes field and the IPSW, and Acj) 
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FIG. 4: (Color online) The intensity of Stokes field Jeers 
versus the relative phase A(j>. The other parameters are the 
same as that of Fig.[3]except the dimensionless time at t' — 2. 




is no entangled with another IPSW of the same inten- 
sity. If input seeded light is entangled with IPSW, the 
EERS will be generated. This entanglement enhanced 
case is phase sensitive and the Stokes intensity is depen- 
dent on the relative phase. With A<p = 0, the thick solid 
line (blue line) describes the intensity of entanglement 
enhanced case Ieers (see Fig. [3]). From the Fig. O it is 
demonstrated that intensity generated by the entangle- 
ment enhancement mechanism is the largest of all under 
a certain relative phase. 

We choose a certain dimensionless time at i! = 2 and 
plot the intensity Ieers as a function of the relative phase 
A(j) shown in Fig.[4j The figure demonstrates that the in- 
tensity is modulated by the relative phase A(j). The rea- 
son for phase modulation is interference of spin waves. 
After the first pump field Pi, the Stokes field and the 
collective atomic excitation (spin wave) is phase corre- 
lated (24[. With the second pump field P2, the phase 
of atomic ensemble is retrieved and interference occurs. 
From Fig. [5j it is obviously that the imaginary part of 
the term ATm ent is not only very small but also is far less 
than the real part of ATM ent at the large time. There- 
fore the visibility of interference fringe in Fig. 3] is mainly 
dependent on the real part Re[ATM ent ] at the large time. 
This entanglement enhancement phase sensitive Raman 
scattering can be used to realize a nonlinear interferom- 
eter, where the amplified phase sensing intensity can en- 
hance signal to noise ratio of interferometer [25|, [H| • 



FIG. 5: (Color online) The ratio Re[ATm en t]//no-entangie 
(solid line) and Im[ATm en t]/^no-entangie (dashed line) versus 
the dimensionless time i! . The parameters are the same as 
that of Fig. El 



is the relative phase between the pump field P2 and the 
input seeded light. 

In Fig. [3] the intensity of URS case /urs is described 
by the dotted line where the long time evolution and 
Raman scattering into steady state is not plotted. As 
we all know, the Raman scattering intensity will be high 
when the seeded light injects the atomic medium along 
with the pumping light, and the dashed line describes 
the intensity of seeded light enhanced case i se ed- The 
dot-dashed line describes the intensity of spin wave en- 
hanced case i S pin- wave • Here the spin wave enhanced case 
refers to counter-propagation of two pumping fields (Pi 
and P2). As for co-propagation case, only 1 — z need 
to change to z in TM4 [13[. In Fig. [3j the intensity of 
spin wave enhanced case i S pin-wave is larger than that of 
seeded light enhanced case i se ed, which is opposited to 
the results obtained from the few-mode model because 
the gain coefficients are dependent on the spatial vari- 
able z when considering the propagation effects. The 
effects of spatial coherence on spin wave enhanced Ra- 
man scattering has been studied by us in theory and on 
experiment [J 0, [l3j]. The thin solid line (green line) 
describes the intensity /no-entangle when the seeded light 



IV. CONCLUSION 

In conclusion, we have theoretically studied the entan- 
glement enhanced Raman scattering, which is generated 
based on the situation that the input seeded light is en- 
tangled with the IPSW. Different from other enhance- 
ment mechanisms the entanglement enhanced Raman 
scattering is phase sensitive. The strong enhanced Ra- 
man scattering will have practical applications in quan- 
tum information, nonlinear optics and optical metrology. 
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Appendix A: Appendixes end of the atomic cell. Using the moving coordinates 

t f = t — z/c, z' = the solution of Eq. (fT3|) is 

In this Appendix we describe in detail theoretical cal- 
culation of the mean intensity of Stokes field Ss 2 at the 



Sl(z',t') = e- r ^Sl(z',0)-i f Xl (t")e- [ri(t '>- ri( *" )] Hi(^ ) 0,f,t")4 1 (0,t")d*" 

Jo 

r t' 

+r; -r •: "' • / / • (J ji A' fwci ( ji cwaji , / ,-\r 1 (t , )-r 1 (t ,r )} -^'\ ( j +h\a+h 



Jo Jo " 1 

1 r G Sl (z\z'\l/X)H 1 ( z "J')dz"dlf', (Al) 

c Jo t/ o A 1 c 

x f Hi (*', z", t', 0)& (z", 0)dz" + ^1 [ xi (t")£ Sl (0, t")G ei (z', 0, t', t")dt", (A2) 



JO c Jo 

I 

in which where T^t') = tf T Sl (t")dt" and qi (t') 



Jq Xi(t") 2 dt" ', and J n (x) is the modified Bessel 

Hxtz ,z" ,t' ,t") = 7 (2A/fei(t / ) -gi (£")]- — ), function of the first kind of order n. This solution is 

. , „v for pencil-shaped atomic ensemble which was given by 

G ei (V , z\ t', t") = ~ Z / G Sl (*', z", t', t"), Ref. [22]. The solutions (EJ) and (E2J are used to 

Qi(t ) q\[t ) calculate the mean Stokes intensity and the mean spin 



G Sl (z',z",t',t") = 



I qi(t') - qi(t") 
c(z' - z") 



x 7i(2^/[gi(tf) - qi(V')]^—^-), ( A 3) Eq. (H is given by 



wave intensity. 



As well, according to Refs. [13|, |22j], the solution of 



St 2 (z',t') = e- r ^Sl 2 (z',0)-ie-^ [ W(t'')x*2(t'')e-^- r ^H 2 (z', 0, f, i")4 2 (0, t")dt" 

Jo 

z t' t' 

+e -r 2 (*') f Gs2 ( z ', z ",t',0)Sl 2 (z",0)dz"+ [ e-^^- r ^Fl 2 (z',t")dt" + [ e -[r*(t')-r 2 (t")] 
Jo Jo Jo 

x / G s ^z' ,z\t' X)F\^z n ,t n )dz n dt n , (A4) 
Jo 

£s 2 (z',t') = f Sa ( ,f) + *^ f W(t")x5(*")e- [ra( *' ) - ra(t " )] 4 a (0,t")Ge a (^,0,t , ) t")d*" 

+ %(tV^ e -r,( f ' H a( y > ,",f ,0)^(^,0)^" + f ' c-^')-r,(*»)] 

c Jo c Jo 

x r H 2 {z',z",t',t")Fl {z",t")dz"dt", (A5) 



I 

where ^ / / ji ,i ,n\ c ( z ~ z ) n (J ji +' +"\ 

, Gea( *'* ) = q2 (t')-q 2 (t") ° SA Z ' Z } ' 



H 2 (z',z",f,t") = IMW) -ga(t")] 
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Wo 


-<&(*") 


c(z> 


-z") 



r n f n \w- j w- ) 7i the decay rates of the excited state |3) to states |1) 

Gs 2 (z ,z ,t ,t ) = y ~^i~~^n\ and |2) (assuming 731 = 732 =71). The small popula- 

tion differences W(0) = <7n(0) — 0-22(0) and W(t) gener- 
— ated by the respective pump fields P\ and P2 . The small 



xJ 1 (2J[ ffis (f)-« ft (t")]— — ), 



c population difference W(t) only describes the population 



rt change of a short time. 

W(t) = W(0)e- r ^) - / 7 2 (t / )e- [r ^ (t) - r ^ (t,)] ^ / . 



Using Eqs. (|Al]) - (|A2]) and Eqs. (|A5]) - (jA5]h the mean 
(A6) intensity at the end of the atomic cell is given by 



Here (F Sa (z, t)F^(z', f)> = 2 7 s 2 L«5( 2 - z')S(t - t'), 



W) = tfr*(0*", *(f) = /o M*")lrf')l^', wo = ^ < 4 (L>0i?ft(Li0> = ^Tn,, 

X2 (M) = gVNQ^tyA, T' 2 (t') = f Q ^(t")dt", L 

T S2 = is 2 -i\n P2 \ 2 /A, 7S2 = jso + 7i\n P2 \ 2 /A 2 , (A7) 
72 = 7i|f2p 2 | 2 /A 2 , 75 the coherence (012) decay rate, where 



TMi 



TM 2 



TM, 



TM 4 



hios 2 \x2(t')\ 2 L 



TMn = 



-2Re[r 2 



(*'»{ T Io(2y/Q2(t')(l-z)) 
Jo 



dz 



+2 7 s 2 /* dt"e 2 ^ T ^ [ Io(2^(Q 2 (t')-P 2 (t"))(l-z)) * dz}, 
Jo Jo 

(4(0,04.(0,0) = IXl(^)| 2 e -2Re [ri (0] { f 1 J (2VO 1 (f)(l-5)) 



+2 7Sl /* dt"e 2Re [ ri (*")l J (2V(Qi(f)-Qi(n)(l-^) 2 ^l, 
JO Jo 



L , W(t")x;(i")e- [r2(t,) - r2(t " )] <4 a (0, *')4 2 (0, i"))Ge 2 (i, 0, f , t")^' 



2 ^s 2 xI(^ , )x2(t / )J: 2 _ r , 

% 12 



e -ri(*') e -r a (*') dt" e - r 1 (*") e r 2 (t") w( i») Xl( i») x * (t » )GE2 ^ ;t ») 

JO 



{Fint(t', t") + 2 7Sl / e 2Re ^ t '"^Fint(t' - t'" , t" - i'")^'"}, 

JO 

e r ^W(t") X 2(nGt 2 (L,0,t\t")d^ 



^s 2 \X2(t')\ 2 e - 2Re[r2(0] /■' e r 2 (t" )>v( ^ )x2( ^ )G:2 

Jo 



t' 



x / e ra < t "'>w(f")x2(f") G e2 (i,o,on^4(M'04 2 (o,n> 



-2Re[r 2 (f 

'IS ^3 e 



(A8) 



(A9) 



(A10) 



Jo JO 



(*"') 



xW(i"')xi(*"')x;(*"')G-B2(i', t"'){Fint{t" , t'") + 2 7Sl / e 2 "*[ ri < t ""Wfmt(t" - i"", t"' - t"")dt""},(All) 

JO 

^JgO! e -2B.[r 2 (*')] £ H ;( L ,z',t',0)dz' £ H 2 (L,z\t',0)(Sl(z'',0)S a2 (z',0))dz'' 

^s 2 \x2(t')\ 2 L e _ 2Ue[r2{tl)] r 1 /o(2v /p 2(f)(1 _ 5)) 2 n(1 _ - )r)rf - 5 (A12) 

c Jo 
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TM; 



5 = e- 



i^ S2 x2(t') e _ r2{tl) £ H ^ ^ ^ Q) { ^ (Q; ^ (//; 0))dz „ 

^ ^ gaX ?(0x 2 W e -r; ( 0-r 3 (0 ^/ (2 v /P 2 ftO(l - z)) x {e^^o ^v/j^)* 



-i(0i-0 2 ) 



"] + e- ri M[2 7Sl / d* 



TM 6 



and 



+2 7Sl T e 2Re[r l( t")] /o (2V(Qi(f) - Qi(i"))i)*dt 
x/i (2V(Qi(r) -Qi(t"))(l-2z)) / J (2 V(Qi (*')-Qi (*"))(! 
+ jf ^j i Q fl~ z > h (2VQi(r)(l-5-5')) Jo (2VQi(f)(l-5'))*d^}, 
e ^ a ^5 3 ^2(* , )| 2 e -2R,[r a(t ')] jf* e r;(*") W ( t ") x *(t") G ^( L) o,f 

x / L iJ 2 (J, z", t', 0) (0, t")Sl (z", 0))dz" 
Jo 

e -i { ^ )m ^s,xl{t') \X2{t')\ 2 J 2 e - 2Re[ r 2( tO] /"* dt"e^W{t") X 2{t")GE* 2 {t\ t") 
c Jo 

1 t /; 

x jf ^/o(2VQ 2 (t')(l-^){e- 2Re[ri(t " )] ^ (2v^0i)* + 2 7Sl J e^M")] 
xl (2 N /(Q 1 (t") - Q 1 (t'"))zY dt'"} + e -riM e -ri(t") 



1-25 



+ 2 7 S; 



7' 
Jo 



Qi(r)-Qi(f") 
1-25 



Ji (2V(Qi(r)-Qi(t"'))(l-25)) 



^ Jo (2V(Qi(t")-Qi(n)(l-^ , ))*^ , ]} ) 



GE 2 (t',t") = 



h (2VW) ~ Q2(t")) 



n(5,r) = -e- 2Re ^M] f e ^(t")\ \ Xl{t »tf I o{2 ^ { Ql { T ) - Q,(t"))(l - z)) 
c Jo 

Fint(t',t") = J J (2VQi(f)(l-z))*Jo (2VQi(*")(l-^)) 
Fmi(i' - , t" - ) = jf * J (2 v /(Q 1 (t')-Qi(n)(l-5)) * 
x Jo (2 (*'"))(! -«)) dz, 



dt", 



(A13) 



(A14) 



(A15) 



Here, the slowly varying electric field commutation rela- commutation relation [S ai (z, i), (V, t)} = LS(z — z') 
tion [£s 1 (z,t),£g i (z^t / )] = ^S(t — t') and the spin wave 
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are used. Terms TMi, TM 2 and TM 3 are generated 
due to the input the seeded Stokes field. Note that 
for rjs = 1, the first term TMi is the input intensity 
of the Stokes field I Sl (t f ) = ftw 52 c/L(£^(0, tf)£s 2 (0, t')) 
. The term TM4 (TM sp i n _ wave ) is generated by spin 
wave enhancement mechanism which has been studied 
by us jilll. Here the spin wave enhanced case refers 
to counter-propagation of two pumping fields. As for co- 
propagation case, only 1 — z need to change to z in Tni4 
[13| . Terms Tms and Tni6 are generated by the correla- 
tion of the feed field and the polarization field. 



Appendix B: Appendixed 



Next, we consider the pump fields intensity being 
constant and real, after being switched on t' = 0, so 

ri, 2 (t') = r 5li2 f, qi (t f ) = xit', q2(t') = v(t f )x 2 2 t\ 

r](t') = W(0)(l-l/(27 2 t / ))-l/(27 2 t / ). Using the dimen- 
sionless time 7?, then the above terms TM^ (i = 1, 2, 6) 
can be rewritten as ATM^ and are given by 



ATM = f*?h£L e - 



ATM 



ATm fi 



J 2 VP J V (t>)t> ) -hi 2rj P Jr](t')t' 



X\L Jo 



e 27s 2 ci"/xlL 



I 2r) P Jr)(t>)t> - r,(t")t" - h ( 2rj P J r,(t')t' - r,(t")t 



dt"}, (Bl) 



ATMi = rt s 



2 ^s 2 X\L 



-2 7Sl ct7xfi| 



Jo 2V? -Ji 



(2^ 



27SiC 



f 

Jo 



2 = VsVp 



2 1Sl ct"/x\L 



j (2V t' -t") 2 - Ji (2Vt'-t"y 



dt"}, 



(B2) 



/ dt"e~^ - Fs ^ ci " ^ L W(t")GE2(t' , t"){Fint(t', t") 
Jo 



ft' 2 Ts 1 c4 "' 

+2 2|l£ / e ~^~Fint(t' -t"',t" -t"')dt'"}, 
X\L Jo 



(B3) 



ATM3 = V hp ^ S2 f lL e- 2 ^ ci ' /xlL 



L 



V (r^-r^ct" 

e ^ W(t 



")GE2(i' \i")di" [ di 
Jo 



(r g 2 - r gi )ct 
'e ^ W(P")GE2(P ',?") 



x{Fint(P'J f ") + ^§^ 



ATM 4 rfp 



2 ^S 2 XiL „-2 1S2 ct' /xiL 



-t" 2 1S ci"" 



Jo 



2W??(*')*'(1 - 5) n(l-z,f)dz, 



(B4) 
(B5) 



ATM 5 = e 



+2 



-<(*i -<h) VsVp ^£L e -(r* Sl +r S2 )cF/x? l f 1 dHo {2r]p J v{ t')t'(l - z)){e~ ¥" [J (2 V^I) 
c Jo 

x\LJo 
Tgif /" 



e *^ / (2 A /(t'-t")5)d? , ]+e *^ [ / G Sl (l - z,z', f, 0)I (2J t'(l - z'))dz' 



G Sl (l-z,z,r,t")dt" J (2y / (t' -t")(l -z'))dz'}}, 

/ dt"e *i L W(t")GE 2 (t',t") / dzl (2r]p^ri(t')t'(l - z)){e 

I— 7cr /**' 2 7s i cf " / " _r Sl cf+r| iC f" ! 

[I (2Vt'z) + 2 if- / e ~^ r I (2J(t' - t")~z)dt"] + e ^ [ / d5'G Sl (1 - z, z', f, 0) 
X\ L Jo Jo 



(B6) 

2 t Si <=*'" 



xJ (2Jt'(l-F)) + 2 



^ jf ' G Sl (l - z, z, f, t")dt" £ I (2^(t'-t")(l-z'))dz'}}, 



Tgi 

x?J 



(B7) 



where 



-2*y Sl <*' /XiL 



Io (^V¥z^j 2 dt', 



( ~i ~n 71 7ii\ 







It' 


-t" 


z' 


-z"' 



Fint(t',t") = J (2\/^) 2 - Ji(2\/^) 2 , if t! = t" , 
Fint(t',t") = ^-^[VtJIo^Vf^Vfj) 

^0(2 V? )Ji (2V1")], if ? ^ (B8) 
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